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Abstract 

We suggest to consider conformal factor dynamics as applying to composite boundstates, 
in frames of the expansion. In this way, a new model of effective theory for quantum 
gravity is obtained. The renormalization group (RG) analysis of this model provides a 
framework to solve the cosmological constant problem, since the value of this constant turns 
out to be suppressed, as a result of the RG contributions. The effective potential for the 
conformal factor is found too. 
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The investigation of the dynamics of the conformal factor is becoming very fashionable. 
At the classical level, conformal-factor dynamics describe the conformally-flat solutions of the 
equations for the gravitation theories. At the quantum level, the dynamics of the conformal 
factor (induced by the conformal anomaly) was suggested in the first paper of Ref. as a 
tool for the description of quantum gravity (QG) in the infrared (IR) phase. Further study 
of such effective theory for QG, of its properties, and of some extensions of it, has been 
carried out in Refs. Jll. 

Conformal factor dynamics give rise to the effective potential for the conformal factor 0, 
0, which is very useful in QG (for a general review of perturbative QG see |^). In particular, 
for the case R^-gravity (a multiplicatively renormalizable theory) the corresponding theory 
for the conformal factor has been developed in Ref. 

The conformal-factor theory leads naturally to the appearence of a theory of the four- 
dimensional sigma model type, with a very interesting one- loop renormalization p|. When 
interacting with the standard model (SM), the conformal factor appears as the dilaton of 
the theory 0. It may naturally emerge also in the study of the SM in the context of 
non-commutative geometry [§. 

There exist a certain number of quantum field theories (for example the four-fermion 



models |T0[, for a recent discussion see [|TT|) which allow for an analytical study of their 



composite boundstates. Some aspects of the gravitational interaction with the Nambu- 



Jona-Lasinio (NJL) model have been studied in Refs. [T^l-IHl already. It is the purpose 
of the present letter to investigate specifically conformal factor dynamics as corresponding 
to composite boundstates, using the expansion and drawing some analogies from the 
four-fermion theories p-[|lO|. 



Our starting point is the two-dimensional theory with action 

r \— A' 

S = j (fx (i7''(x) -m)%l) + R- - 



(1) 



where the massive A^-component spinor if) is considered to be a quantum field. The gravi- 
tational field, on the other hand, may be either classical or quantum. We also consider the 
conformal parametrization of the metric 

9^,v = p'^Vt^u, (2) 

where p is the conformal factor (in general it is p = p{x)) and rj^i, is the flat fiducial metric. 
In the QG case, the choice (0) corresponds to the gauge fixing. Substituting (^ into (|ip one 
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gets, at the clasical level, 



S 



d X 



(3) 



where x = p^^'^'ip- Rescaling p A^^'^p, we get 

S = 



d X 



X {iYd^ 



hp) X - 



(4) 



where h = mA As one can see, action (H) has the form that is typical for the Gross-Neveu 



(GN) model (p ~ XX)- The dynamics of this model are quite well known [10|: asymptotic 
freedom in the UF limit 

h'it) = . , (5) 



where t is the RG parameter. However, since (^) describes also the dynamics of the conformal 
factor, the interpretation of the function is now completely different from the original 
interpretation. The h'^{t) here is a combination of the fermionic mass in ([T|) and of the 
two-dimensional cosmological constant A. Using the anomalous scaling dimension one gets 
the running composite field 



p{x,t) = p{x) (l + h'^Nt/nJ 



-1/2 



(6) 



The conformal factor has acquired the classical dimension after the rescaling p A^/^p. 
Hence, one may argue that the t dependence is due completely to that of the cosmological 
(dimensional) constant, i.e., A{t) ~ A (1 + h'^Nt/n)"^. Therefore, there appears to be a 
screening of the cosmological constant in the expansion in the UF regime. 

One can also investigate specific features of the effective potential for the conformal 
factor, which coincides with the GN effective potential |10|- In particular, the appearence of 
a minimum, i.e., a non-zero vacuum expectation value (v.e.v.), for the conformal factor 



P = Poexp(l-^) 



(7) 



is interesting. After having shown the possibility to study the dynamics of the conformal fac- 
tor in two dimensions as the dynamics of the GN model, we now turn to the four-dimensional 
theory, which is physically more interesting. 

We start from the multiplicatively renormalizable theory H with action 



S 



d^x \/—g 



A _R W _ UR^ 
H? Ai 3Ai 
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where ip is an A^-component spinor and W the square of the Weyl tensor. The gravitational 
field may be choosen to be classical or quantum, and the theory remains multiplicatively 
renormalizable in both cases. 

We shall work again with the conformal parametrization (|^) for the four-dimensional 
metric. In the case of four-dimensional QG this does not fix the gauge, contrary to what 
happens in two dimensions, but it can still be considered as a convenient background 0. 
Rewriting action (||), we get 

A . _6 



S 



d X <x {iYdf, - mp) x 



+ 



12U 



Ai 



(9) 



where x = and a = In p. In this way we have got the classical theory for the conformal 

factor. At the quantum level, the theory (y) may be considered as an effective theory for QG 
(see also and |^). If we drop the p-terms with derivatives from action (^, we obtain 

a model that is reminiscent of the NJL model (where, of course, owing to the absence of the 
M^p^-term, it is p ~ {xxY^^)- 

Now we are going to study the theory (P) in the large- limit, while concentrating 
our attention on the RG and low-derivative terms in (^. The higher-derivative terms are 
actually of lesser importance, moreover, they simply disappear in the subsequent analysis 
of the effective potential for the conformal factor. First of all, we rescale p \/T2p/K and 
denote h = rriK/ -\/T2 and A = A/t^/6. Thus, 



5* 



d X 



X ih^d^ - hp) X 



(10) 



By integrating over the fermionic field, we get the effective potential for the conformal factor 
at large A^: 



Vip) 



24 



+ iN Tr In {ij''d^ - hp) 



(11) 



where p is constant. Supposing that, as usually, for large N X scales as A ~ AA^, where A 
does not depend on A^, and using a finite cut-off p (see also [|13]) we get (notice that A^ has 
been factored out) 



Vip) 



(4^ 



pV + Ai'lnl 1 + ^ 1 -pMnI 1 + ^ 



P 



P^ 



p- 



p- 



(12) 



The v.e.v. of the conformal factor can be found from 



dVjp) _ A 
dp 



as the solution of the equation 

2' 



0. 



(13) 
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Table 1: Numerical values for the vacuum expectation value of the conformal factor, corresponding 
to a sample of values of A between and 1. They are obtained as the root of Eq. (^) that lies 
between and 1 (notice that for A < 0.04643 there is no root in that interval). 



In Table 1 we present a sample of numerical values of the solution p^/ /i^ (which lie between 
and 1 for 0.04644 < A < 1). Notice that from the point of view of the original theory, 
a non-zero v.e.v. for p is more acceptable physically, because for p = the conformal 
parametrization (|^) becomes degenerate. 

Now we turn to the study of the renormalization structure of theory (p^, which is rather 
non-trivial. There are a few different ways to renormalize this theory, the actual problem 



being the fact that p is dimensionless. Considering ([T0|) in the large- approximation, one 
can perform the change p ip, which introduces an overall minus sign in the parametrization 
(p!OD, producing a kinetic term of the standard form. The factor i in the fermionic sector can 
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be absorbed in h (imaginary fermion mass). Then, supposing that p is also a quantum field 
(i.e. that gravity is quantized in (|l^)), the renormalization of such theory, of Yukawa type, 
can be done in the standard way. The beta functions are calculated to be 

ANh^ ^ 3X'^ + 8NXh'^ -A8Nh^ 

^' = W¥^ = (A^^ • ^''^ 

We see that h = X = is the IR stable fixed point, and in the IR regime {t —>■ — oo), we have 

h (t) ~ - — , A t — . 15 

^ ^ Nt ^ ^ Nt ^ ^ 

Supposing that the Newton coupling constant is a non-running coupling, then the running 
of h'^{t) gives the RG screening of the imaginary fermionic mass in the infrared. At the same 
time, the cosmological constant quickly decays in the IR. Thus, in the considered phase of 
the effective theory for the conformal factor, we get a solution of the cosmological constant 
problem, result of RG effects in the IR. 

We may also consider a different version of (p!0D — as it stands — which will correspond 
eventually to another QG phase. Now there are no imaginary parameters. After renormal- 
ization of p (taking into account the negative sign for (dp)"^), we obtain 

ANh^ ^ 3X^ -SNXh'^ -ASNh"^ 
^' = -jA^^ = ^^0^ ■ ^''^ 

The theory has now an UF stable fixed point [t —>■ +oo), where the behavior of h"^ and A is 

h^(t) , X(t) . (17) 

Hence, we now obtain a decrease of the cosmological constant in the UF limit. Notice that 
in comparing this theory with the standard scalar self-interacting theory, we do not have 
here physical restrictions on the sign of A, and a negative sign is perfectly acceptable. 

Finally, let us observe that from the point of view of Eq. (^, where p is dimensionless, 
one can understand (^) as being a kind of four- dimensional a model |Q. Then, it has sense 
to discuss a renormalization of (^) of cr-model type, at large A^. In that case A2 = A/(6k^), 
p (rescaled as p ^ vT2p) and m are not renormalized to leading order in A^, and 

3X1 - 48Arm^ Nm' 
/5a. = , = (18) 

As a result one can see that i^~'^{t) ~ Nt and X2{t) ~ — A^t at large t. Hence, considering 
the gravitational constant as the running coupling constant and using the generalized RG 
we do not obtain a damping of the running cosmological constant in that case. 
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It is very interesting to observe that if we would have started from the anomaly-induced 
theory for the cosmological factor |l|] and had considered its interaction with the massive 
fermion, we would have obtained the same theory (only some relative coefficients of the 
higher-derivative terms would be different). Hence, the preceding discussion can be applied 
without the least change to this case too. 

As next step we will now consider the appearence of the conformal factor in the proper 
NJL dynamics. Starting point is theory where in the place of the fermionic sector we 
substitute the action for the NJL model ITTl Ol 



L = t^^^{x)D^^ + {fynaH + h.c.) - MlH^H, (19) 

being V'l.-R. = |(1 -F 75)"^) H an auxiliary scalar and the scalar field mass of the UF 
scalar p,uF- Such theory is a four-fermion one 0, where the four-fermion coupling constant 
is G = M~2. Notice that the above theory is non-renormalizable (effective), so that there is 
no need, for instance, of keeping higher-derivative terms in (p!8|). Working in the conformal 
parametrization (^, after rescaling x = (T'^'^i) and H pH we get the fiat-space NJL 



model, with the only difference with respect to ||TT], [T^ that the scalar-field mass becomes 
p-dependent: = p^M^ in (^). Performing a block-spin RG transformation (in the 
expansion) we can study the RG here precisely in the same way as it was done in JlT], [l2| , 
the only difference being that the induced scalar mass will now be 

^fnd = P'K - - Pm). (20) 

and the dilaton sector is not influenced by renormalization. Two parameters, p and M^, 
appear in (^), so even the value of the conformal factor will be deflned by the minimization 
of the corresponding effective potential, their combination being used for the approximate 
cancellation of the corresponding term N pfj p / {Stt"^) . Finally, let us point out that starting 
from a massive model of GN type and after using (0), the conformal fleld dynamics are 
influenced again by fermionic effects, and the total model includes scalars, as the NJL model. 
The study of this sort of model, where the conformal factor is in the composite fleld, can be 
carried out in analogy with that of the NJL model. 

In summary, we have considered in this paper the conformal fleld dynamics in a framework 
where the conformal factor becomes naturally a boundstate and the expansion can be 
applied. As a particular result, we have obtained in this way a possible mechanism for the 
vanishing at the RG flxed point of the cosmological constant (assuming that the Newton 
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constant is a non-running coupling). The interaction of the conformal factor in the NJL 
model has been discussed too. Our results show that the expansion can well be applied 
for the description of effective theories of QG. A synthesis of this approach with the anomaly- 
induced theory for the conformal factor may be very helpul for the resolution of the drawbacks 
of previous scenarios (like neglecting the spin-2 gravitational modes), by means of the 
use of the large- expansion. 

Acknowledgments. 

SDO would like to thank R. Percacci for interesting discussions and CT. Hill for corre- 
spondence. EE is grateful to T. Muta and the rest of the members of the Department of 
Physics, Hiroshima University, for interesting discussions and warm hospitality. SDO would 
like to acknowledge the hospitality of the members of the Department ECM, Barcelona 
University. This work has been supported by the Special Exchange Program (Japan), by 
DGICYT (Spain), by CIRIT (Generalitat de Catalunya), by the Russian Foundation for 
Fundamental Research, project no. 94-02-03234, and by ISF, project RI-1000. 



8 



References 

[1] I. Antoniadis and E. Mottola, Phys. Rev. D45 (1992) 2013; I. Antoniadis, P.O. Mazur 
and E. Mottola, Nucl. Phys. B388 (1992) 627; S.D. Odintsov, Z. Phys. C54 (1992) 531; 
I. Antoniadis and S.D. Odintsov, Mod. Phys. Lett. A8 (1993) 3325; S.D. Odintsov and 
R. Percacci, preprint SISSA 71/93/1993, Mod. Phys. Lett. A (1994); E. Ehzalde, S.D. 
Odintsov and LL. Shapiro, Class. Q. Gravity 11 (1994) 1607; L Antoniadis and S.D. 
Odintsov, in preparation; LL. Shapiro and G. Cognola, preprint KEK-TH.397 (1994). 

[2] R. Floreanini and R. Percacci, preprint SISSA 71/93/1993. 

[3] E. Elizalde and S.D. Odintsov, Phys. Lett. B315 (1993) 245; Mod. Phys. lett. AS (1993) 
3325. 

[4] LL. Buchbinder, S.D. Odintsov and LL. Shapiro, Effective Action in Quantum Gravity 
(LO.R, Bristol and Philadelphia, 1992). 

[5] E. Ehzalde and S.D. Odintsov, Phys. Lett. B (1994). 

[6] E. Elizalde, A.G. Jacksenaev, S.D. Odintsov and LL. Shapiro, Phys. Lett. B328 (1994 
297. 

[7] W. Buchmiiller and N. Dragon, Phys. Lett. B195 (1987) 417; Nucl. Phys. B321 (1989) 
207. 

[8] A. Chamseddine and J. Prohlich, Phys. Lett. B314 (1993) 308. 

[9] Y. Nambu and G. Jona-Lasinio, Phys. Rev. 122 (1961) 345. 

[10] D.J. Gross and A. Neveu, Phys. Rev. DIO (1974) 3235. 

[11] W.A. Bardeen, C.T. HiU and M. Lindner, Phys. Rev. D41 (1990) 1647. 

[12] C.T. Hill and D.S. Salopek, Ann. Phys. (NY) 213 (1992) 21; T. Muta and S.D. Odintsov, 
Mod. Phys. Lett. A6 (1991) 3641. 

[13] T. Inagaki, T. Muta and S.D. Odintsov, Mod. Phys. Lett. A8 (1993) 2117. 

[14] E. Ehzalde, S. Leseduarte and S.D. Odintsov, Phys. Rev. D49 (1994) 5551. 



9 



